Abstract. We extend Matui's notion of almost finiteness to generalétale groupoids and show that the reduced groupoid C * -algebras of minimal almost finite groupoids have stable rank one. The proof follows a new strategy, which can be regarded as a local version of the large subalgebra argument.
Introduction
In the seminal paper [33] , Rieffel introduced the notion of (topological) stable rank for C * -algebras. The stable rank is introduced as a C * -algebraic analogue of the Lebesgue covering dimension. This in fact detects a topological complexity of C * -algebras in the sense that when a given C * -algebra has stable rank one (the smallest possible value), its K-theory behaves well.
In the celebrated paper [41] , Villadsen showed that simple stably finite C * -algebras can have arbitrary stable rank. In fact, Villadsen has constructed such C * -algebras as AHalgebras. His work suggests that even for relatively tractable C * -algebras, it would be hard to compute their stable rank.
In the present paper, we develop a new strategy to compute the stable rank of certain groupoid C * -algebras. This strategy may be regarded as a local version of the large subalgebra argument (cf. [30] , [31] , [28] , [29] , [10] ). This strategy is originally invented by Putnam in [30] . To describe the difference between the large subalgebra argument and our strategy, let us briefly recall how the large subalgebra argument works. For more detailed explanations and applications of large subalgebras, we refer the reader to the introduction of the paper [29] . The strategy can be divided into three steps. Firstly, we find a large C * -subalgebra. Secondly, we study the structure of the large subalgebra. Finally, we analyze the reduced crossed product based on the large subalgebra. For the last step, Phillips [29] recently developed general theories. For the first step, when the group is Z, large subalgebras of the crossed products can be found as Putnam's orbit-breaking subalgebras [30] , [29] . For the group Z d ; d ∈ N, Phillips [28] has found that Forrest's result [13] is sometimes useful to find a large subalgebra of the crossed product. However, Forrest's result [13] heavily depends on the fact that Z d is a lattice of the Euclidean space R d . Therefore, for groups beyond finitely generated abelian groups (even for Z ∞ ), the first step of the strategy would be very hard to carry out. Our strategy allows us to avoid this difficulty-instead of finding a single large subalgebra, we find a family of homogeneous C * -algebras tending to large in a sense.
Inspired by the work of Latrémolière-Ormes [24] , Matui [25] has introduced the notion of almost finiteness for a totally disconnectedétale groupoid. He then studies how the homology groups and the topological full group of an almost finite groupoid reflect dynamical properties of the groupoid. For other applications of almost finiteness in this direction, we refer the reader to [26] and [27] . We extend to generalétale groupoids the notion of almost finiteness and adapt this notion in our strategy. Consequently, we obtain the following Main Theorem of the present paper.
Main Theorem. Let G be a minimal almost finiteétale groupoid. Then the reduced groupoid C * -algebra C * r (G) has stable rank one.
In Appendix B, we show that any countable non-torsion amenable group admits continuously many minimal actions on a prescribed space whose transformation groupoids are almost finite and pairwise non-isomorphic. See Theorem B.1 for the precise statement. This is already enough to conclude that the class of groupoids satisfying the assumptions of the Main Theorem is fairly large. We also remark that the minimality assumption of the Main Theorem is not removable. Indeed, any compact space is almost finite as a groupoid, while its groupoid C * -algebra does not have stable rank one unless its covering dimension is less than 2 [33] .
We close this section by presenting applications of the Main Theorem. Recall that a finitely generated group Γ is said to have subexponential growth if some (equivalently, any) symmetric finite generating set S of Γ fails to have a positive constant C > 1 satisfying ♯(S n ) ≥ C n for all n ∈ N. We say that a group Γ is of local subexponential growth if it can be realized as a directed union of groups of subexponential growth. It is not hard to see that this property is stable under taking direct sums, inductive limits, subgroups, quotients. Typical examples of groups of subexponential growth are virtually nilpotent groups, but it is also known to exist non-virtually-nilpotent groups of subexponential growth. The first such a group is constructed by Grigorchuk [21] . Thanks to a recent remarkable result of Downarowicz-Zhang (Corollary 6.4 of [9] ), we conclude the following consequence of the Main Theorem to topological dynamical systems of groups of local subexponential growth. Corollary 1.1. Let Γ be a group of local subexponential growth. Let α be a minimal action of Γ on a compact space X which factors onto a free action on a totally disconnected space. Then the reduced crossed product C(X) ⋊ r,α Γ has stable rank one.
In the integer group case, this statement was announced in [3] . Phillips also announced in the same paper that this result also holds true for the finitely generated free abelian groups. Corollary 1.1 includes these statements, and we believe that even for these specific cases, our new proof is conceptually and practically simpler. (Note that for abelian groups, we only need Lemma 6.3 of [25] , whose proof is much simpler than Forrest's theorem [13] . ) We also remark that, even in the simplest case Γ = Z, Giol-Kerr [14] has constructed a minimal action which is pathological in the following sense. Its crossed product fails to have the following regularity properties; real rank zero, strict comparison, finite nuclear dimension, finite decomposition rank, tracial AF, Jiang-Su algebra stable. (For the definitions and backgrounds of these properties, we refer the reader to [42] .) Since Giol-Kerr's action is obtained as an extension of the universal odometer transformation, it satisfies the assumptions of Corollary 1.1. This means that (1) the stable rank one condition obtained in the Main Theorem is almost the best possible result under our mild assumption, (2) our work provides a general framework to analyze groupoid C * -algebras beyond the classifiable class in the sense of Elliott's program (see [42] for the precise meaning). As the classification theorem of classifiable C * -algebras is now almost complete [42] (modulo the UCT condition, which is automatic for amenable groupoid C * -algebras [22] , [40] ), our results would motivate next interesting targets of structure theory of C * -algebras.
We also have the following result for general countable amenable groups.
Corollary 1.2. Any countable infinite amenable group Γ admits a minimal free action on the Cantor set whose all minimal extensions have the crossed product of stable rank one.
To the best knowledge of the author, Corollary 1.2 is a new phenomenon in the study of topological dynamical systems of amenable groups. Minimal actions appearing in the statement can be generic minimal actions as shown in [6] . We recall that any amenable minimal action admits minimal extensions on various spaces [19] , [37] . See Proposition 2.1 in [37] for the precise statement. In Appendix A, we give a non-amenable analogue of Corollary 1.2.
The Main Theorem also reveals the structure of the crossed product of the universal minimal action for amenable groups. Recall that any group Γ admits a minimal action on a compact space which factors onto every minimal action on a compact space. In [12] , Ellis showed that this universal property characterizes a unique minimal action up to conjugacy. This action is called the universal minimal action of Γ. The universal minimal action is known to be a free (minimal) action on a Stonean space. Corollary 1.3. For any amenable group, the crossed product of the universal minimal action has stable rank one.
In Appendix A we give a non-amenable analogue of Corollary 1.3 (see Corollary A.5).
Organization of the paper. Section 2 is the preliminary section. We also fix the notations in this section. In Section 3, we introduce and study the notion of almost finiteness for generalétale groupoids. In Section 4, we prove the Main Theorem. In Section 5, we discuss applications of the Main Theorem to the crossed products of topological dynamical systems. We further provide two appendices. In Appendix A, based on a technique developed in Section 4, we study pure infiniteness of the reduced groupoid C * -algebras. In particular, we solve the question of the pure infiniteness of the reduced crossed product for minimal extensions. In Appendix B, for any space in a certain large class, we show that any countable non-torsion amenable group admits a family of continuously many minimal free actions on it whose transformation groupoids are almost finite and pairwise non-isomorphic. To distinguish groupoids, we introduce a new invariant which we call the eigenvalue set. We also discuss a non-amenable analogue of this result.
Preliminaries
In this section, we recall some terminologies used throughout the paper. We first fix the notations used in the paper.
Notations.
• For a set S, ♯S denotes the cardinality of S.
• For a subset S of a set X, χ S denotes the characteristic function of S.
• For a subset S of a topological space X, the symbols cl(S) and int(S) stand for the closure and interior of S respectively.
• For a map τ : A → B between subsets of a set X and for a subset U ⊂ X, we define τ (U ) := τ (U ∩ A). Similarly, for such a map τ and a function f : X → C, we define the function f • τ : X → C to be
• For an action α of a group Γ on a set X, we denote α s (x) by sx for short. Similarly, for subsets S ⊂ Γ and U ⊂ X, we denote s∈S α s (U ) by SU .
• For a probability space (X, µ) and a µ-integrable function f , we denote the integral X f dµ by µ(f ) for short.
• For a compact space X and an open subset U ⊂ X, we identify C 0 (U ) with the ideal of C(X) consisting of all functions vanishing on X \ U in the canonical way.
• For a C * -algebra A and n ∈ N, M n (A) denotes the C * -algebra of all n-by-n matrices over A.
2.1.
Groupoids. Here we briefly recall basic facts on groupoids. We refer the reader to Section 5.6 of [5] or [32] for proper treatments.
A groupoid G is a set equipped with the subset G (0) of G (the unit space), the maps r, s : G → G (0) (the range and source maps), and the map
satisfying the following axioms.
(
, we have r(gh) = r(g) and s(gh) = s(h).
(5) For any g ∈ G, there is a (unique) element g −1 ∈ G with gg −1 = r(g), g −1 g = s(g). A topological groupoid G is a groupoid equipped with a topology which makes all operation maps continuous. Anètale groupoid is a topological groupoid whose range and source maps are local homeomorphisms. By this condition, the unit space is clopen in anètale groupoid.
Throughout the paper, groupoids are assumed to be locally compact, Hausdorff,étale, and their unit spaces are assumed to be compact (possibly non-metrizable).
Motivating examples of groupoids in the present work are coming from topological dynamical systems. Let α be an action of a group Γ on a compact Hausdorff space X. The transformation groupoid X ⋊ α Γ of α is the groupoid obtained by equipping the product space Γ × X with the following groupoid structure. The unit space is {e} × X which we often identify with X. The range and source maps r and s are defined to be r(g, x) := α g (x) and s(g, x) := x respectively. Then, for a composable pair ((g, x), (h, y)) (i.e., in the case x = α h (y),) the composite (g, x)(h, y) is defined to be (gh, y).
Let G be a groupoid. Let C c (G) denote the space of compactly supported complex valued continuous functions on G. We equip C c (G) with the convolution product. Since we do not consider the pointwise product, we simply denote the convolution product of two functions f, g ∈ C c (G) by f g. Namely, for f, g ∈ C c (G) and x ∈ G,
The involution on C c (G) is given by f * (x) = f (x −1 ) for f ∈ C c (G) and x ∈ G. These operations make C c (G) a * -algebra with the unit χ G (0) . The reduced groupoid C * -algebra C * r (G) of G is the unique C * -completion of the * -algebra C c (G) which admits a (unique) faithful conditional expectation
. We refer to E as the canonical conditional expectation of C * r (G). We regard C c (G) as a * -subalgebra of C * r (G). With this identification, positivity and norm make a sense for elements of C c (G). We note that for the transformation groupoid of a given action, its reduced groupoid C * -algebra is naturally identified with the associated reduced crossed product C * -algebra.
A subset U of G (0) is said to be G-invariant if it satisfies r(GU ) = U . Here for two subsets V, W of a groupoid G, define
When W is a singleton {w}, we simply denote V W by V w. A groupoid G is said to be minimal if there is no proper open G-invariant subset of G (0) . A groupoid G is said to be principal (resp. essentially principal) if the set (resp. the interior of the set)
is empty. These notions have a strong connection with the simplicity of the reduced groupoid C * -algebras as follows. When the reduced groupoid C * -algebra is simple, then obviously the groupoid must be minimal. Conversely, when a groupoid is minimal and essentially principal, the reduced groupoid C * -algebra is known to be simple [2] . A subset V of G is said to be a G-set if both the range and source maps are injective on V . For any compact G-set V , the formula τ V := r • (s| V ) −1 defines a homeomorphism from s(V ) onto r(V ). Set
] is a group of homeomorphisms on G (0) . We call [[G] ] the topological full group of G. Note that for totally disconnected groupoids, this definition coincides with the standard definition (cf. [15] , [26] for instance). A probability regular Borel measure µ on G (0) is said to be G-invariant if for any compact G-set V and any Borel subset B of s(V ), we have µ(τ V (B)) = µ(B). Note that by the uniqueness statement of the Riesz representation theorem, one can show that a probability regular Borel measure µ on G (0) is G-invariant if and only if for any compact G-set V and any continuous function f ∈ C(G (0) ) supported on r(V ), we have µ(f ) = µ(f • τ V ). Let M (G) denote the set of all G-invariant probability measures. Obviously M (G) is compact with respect to the weak- * topology. Every µ ∈ M (G) defines a tracial state on the reduced groupoid C * -algebra by the formula µ • E. Since E is faithful, the resulting tracial state is faithful if and only if the support of µ is G (0) .
For a nonempty closed subset U of G (0) , set
Then the relative topology makes G U anétale groupoid. A subset U of G (0) is said to be G-full if it satisfies r(GU ) = G (0) . Note that for any open G-full subset U , by the compactness of G (0) , one can find a finite sequence V 1 , . . . , V n of compact G-sets satisfying
. Indeed, since G isètale and locally compact, one can choose a family (V λ ) λ∈Λ of compact G-sets satisfying λ∈Λ int(V λ ) = G.
This implies
. Thus the family (V λ ) λ∈Λ contains the desired sequence.
Factors and extensions.
Here we briefly recall basic terminologies of topological dynamical systems. From now on, the symbol Γ stands for a discrete group (possibly uncountable), and the symbols X, Y stand for compact Hausdorff spaces (possibly nonmetrizable). Actions of Γ on X, Y are always assumed to be continuous.
An action α of Γ on X is said to be minimal if the transformation groupoid is minimal. An α is said to be free (resp. essentially free) if the transformation groupoid is principal (resp. essentially principal). For two actions α, β of a group Γ on compact spaces X, Y , α is said to be an extension of β (or α extends β) if there is a Γ-equivariant quotient map π : X → Y . In this case β is said to be a factor of α (or β factors onto α). We say that an extension is a minimal extension if it is a minimal action.
Stable rank.
Here we recall the definition and basic facts of stable rank for unital C * -algebras. We refer the reader to [33] for further information.
Then the stable rank of A is defined to be the value
Obviously, the stable rank takes the value in {1, 2, . . . , ∞}. For any n ∈ {1, 2, . . . , ∞}, Villadsen [41] has constructed a simple unital separable AH-algebra of stable rank n.
For the stable rank one, Rieffel has found the following useful characterization.
Proposition 2.2 ([33], Proposition 3.1).
A unital C * -algebra A has stable rank one if and only if the set of invertible elements of A is norm dense in A.
Rieffel gave the following striking application of the stable rank one condition in Ktheory. We refer the reader to [4] for basic facts on K-theory.
Theorem 2.3 ([33]
). Let A be a unital C * -algebra of stable rank one. Let n ∈ N be given. Then the following statements hold true. 
This emphasizes the importance to determine when a given C * -algebra has stable rank one. Note that even for commutative C * -algebras, these properties fail in general. This is one of the major difficulty of the classification problem of vector bundles up to isomorphism (even on manifolds), in spite of the fact that K-groups are computable invariants. See also Remark 4.3 for applications to the real rank of certain groupoid C * -algebras.
2.4.
Connected components and separation by clopen subsets. Let X be a compact Hausdorff space. For x ∈ X, define x to be the intersection of all clopen neighborhoods of x. It is not hard to show that the set x coincides with the connected component of X containing x. The following lemmas are immediate consequences of the definition.
Lemma 2.4. Let x ∈ X be given. Let C be a closed subset of X disjoint from x . Then there is a clopen subset U ⊂ X satisfying x ⊂ U ⊂ X \ C. Lemma 2.5. Let x 1 , . . . , x n be elements of X satisfying x i = x j for i = j. Then there are pairwise disjoint clopen subsets U 1 , . . . , U n of X satisfying x i ∈ U i for each i.
Almost finite groupoids
In this section, we introduce a notion of almost finiteness for general (étale) groupoids. This notion is originally introduced for totally disconnected groupoids by Matui [25] . We then establish basic properties of almost finite groupoids which are used in Section 4.
We first introduce a few terminologies needed to define almost finiteness.
Definition 3.1. Let G be a groupoid. Let C be a compact subset of G and let ǫ > 0. Let K be a compact subgroupoid of G containing the unit space G (0) . We say that K is (C, ǫ)-invariant if the following inequality holds for all s ∈ G (0) .
Definition 3.2. Let K be a compact groupoid. We say that a clopen subset
by clopen subsets satisfying the following conditions.
Here for each i, the group Z N i acts on itselt by the left translations. From this description, it is easy to show that the analogue of Lemma 6.1 in [25] is valid for compact groupoids admitting a fundamental domain. A groupoid of this form is said to be elementary in [32] (III. Definition 1.1). From this particular form, it is not hard to conclude that a clopen subset U of K (0) contains a fundamental domain if and only if it satisfies µ(U ) > 0 for all µ ∈ M (K).
Definition 3.4. Let G be a groupoid. We say that a subgroupoid K of G is elementary if K contains the unit space G (0) and admits a fundamental domain.
Remark 3.5. In [16] , the authors introduced the notion of compactètale equivalence relation. It follows from Lemma 3.4 of [16] that our notion of an elementary subgroupoid coincides with the notion of a compactètale equivalence subrelation in [16] .
We now introduce the definition of almost finiteness for generalétale groupoids. We remark that, by Lemma 4.7 of [25] , for totally disconnected groupoids, our definition of almost finiteness coincides with Matui's original one.
Remark 3.7. For any group action on a compact space, it is easy to see that the almost finiteness of the transformation groupoid implies the amenability of the acting group (cf. Lemma 5.2). For general groupoids, it is not known if almost finiteness implies amenability. Also, it can be shown that almost finiteness implies the existence of an invariant probability measure. (See Lemma 6.5 in [25] and Lemma 3.9.) To the author's knowledge, this is the only known obstruction of almost finiteness for amenable (minimal) principal groupoids.
We first study a connection between invariant probability measures of almost finite groupoids and that of almost invariant elementary subgroupoids.
By modifying the proof of Lemma 6.5 in [25] in a straightforward way, one can show the following lemma. Here we omit the proof. See [25] for the details.
Lemma 3.8 (cf. Lemma 6.5 in [25] ). Let G be a groupoid. Let V be a compact G-set and
In particular, for any Borel subset A of s(V ), we have
Lemma 3.9 (cf. Lemma 6.5 of [25] ). Let G be an almost finite groupoid. Let (C λ ) λ∈Λ be an increasing net of compact subsets of G satisfying λ∈Λ int(C λ ) = G. Let (ǫ λ ) λ∈Λ be a net of positive numbers decreasing to 0.
Proof. Let µ be a weak- * cluster point of the net (µ λ ) λ∈Λ . It suffices to show the equality µ(f ) = µ(f •τ V ) for any f ∈ C(G (0) ) and any compact G-set V satisfying supp(f ) ⊂ r(V ).
Given such f and V . Let ǫ > 0 be given. Take a partition supp(f ) = n i=1 A i of supp(f ) by Borel sets and a sequence z 1 , . . . , z n ∈ C satisfying |f (s) − z i | < ǫ for all s ∈ A i and i. For each i, put B i := τ −1 V (A i ). Then, by Lemma 3.8, one can find λ ∈ Λ satisfying the following conditions.
By the choices of the partition (A i ) n i=1 and the sequence (z i ) n i=1 , we have
Moreover, for any i ∈ {1, . . . , n} and any s ∈ B i , we have |(f • τ V )(s) − z i | < ǫ. This yields
By combining these inequalities, we obtain
Since ǫ > 0 is arbitrary, we have µ(f ) = µ(f • τ V ) as desired.
Lemma 3.10 (cf. Remark 6.6 in [25] ). Any minimal almost finite groupoid is essentially principal.
Proof. To lead to a contradiction, suppose we have a minimal almost finite groupoid G which is not essentially principal. Take a compact
This equality and Lemma 3.8 yield µ(s(V )) < ǫ. Since ǫ > 0 is arbitrary, we have µ(s(V )) = 0. This contradicts the minimality of G.
Lemma 3.11. Let G be an almost finite groupoid. Let U be an open G-full set. Then there is an elementary subgroupoid K of G which makes U a K-full set.
Proof. To lead to a contradiction, assume that such a K does not exist for a G-full open set U . We observe that for any elementary subgroupoid K of G, U is K-full if and only if it satisfies µ(U ) > 0 for all µ ∈ M (K). Take nets (C λ ) λ∈Λ , (ǫ λ ) λ∈Λ , and (K λ ) λ∈Λ as in the statement of Lemma 3.9. Then by assumption, for each λ ∈ Λ, one can find µ λ ∈ M (K λ ) satisfying µ λ (U ) = 0. Let µ be a weak- * cluster point of the net (µ λ ) λ∈Λ . By Lemma 3.9, we have µ ∈ M (G). Since each µ λ is supported on G (0) \ U , so µ is. This contradicts the G-fullness of U .
Lemma 3.12. Let G be an almost finite groupoid. Let U be a G-full clopen subset of G (0) . Then the restriction groupoid G U is almost finite.
Proof. Since U is G-full, one can take compact G-sets V 1 , . . . , V n satisfying r(V i ) ⊂ U for all i and
. Let a compact subset C ⊂ G U and ǫ > 0 be given. We assume that ǫ ≤ 1. Set C := C ∪ V 1 ∪ V 2 ∪ · · · ∪ V n . We claim that for any ( C, ǫ/2n)-invariant elementary subgroupoid K of G, the restriction groupoid K U is a (C, ǫ)-invariant elementary subgroupoid of G U . This completes the proof.
Let K be a ( C, ǫ/2n)-invariant elementary subgroupoid of G. Let s ∈ U be given. To prove the claim, we first show the inequality
The equality
Hence one can choose i ∈ {1, . . . , n} satisfying
By the choice of K and the assumption ǫ ≤ 1, we have
Since V i Ks ⊂ G U , these two inequalities yield
The following statement is useful to find minimal almost finite groupoids. Now it is convenient to introduce the following notion of equivalence for clopen subsets of the unit space of a groupoid G. We say that two clopen subsets U, V of G (0) are equivalent in G if there is a compact open G-set W satisfying r(W ) = U and s(W ) = V . We denote this equivalence relation by ∼.
As a consequence of Lemma 3.12, we have the following divisibility property of a clopen subset of a minimal almost finite groupoid. This property plays an important role in the proof of the Main Theorem.
Lemma 3.14. Let G be a minimal almost finite groupoid of infinite cardinality. Let U ⊂ G (0) be a clopen subset. Then, for any N ∈ N, there is a partition U =
k for all i, j, k, and that N i ≥ N for all i. Proof. By Lemma 3.12, we only need to show the statement in the case U = G (0) . In this case, the statement is equivalent to the existence of an elementary subgroupoid K of G satisfying ♯(Ks) ≥ N for all s ∈ G (0) .
To find such a subgroupoid, take a compact subset C of G satisfying ♯(Cs) ≥ 2N for all s ∈ G (0) . (To find such a C, take an increasing net (C λ ) λ∈Λ of compact open subsets of G whose union covers G. Then, for each λ ∈ Λ, the set
is clopen, and the union of the increasing net (U λ ) λ∈Λ covers G (0) . By the compactness of G (0) , for sufficiently large λ ∈ Λ, the compact set C λ satisfies the desired condition.) Take a (C, 1)-invariant elementary subgroupoid K of G. Then, for any s ∈ G (0) , we have
This yields ♯(Ks) ≥ N for all s ∈ G (0) .
Lemma 3.15 (cf. [25] , Lemma 6.7; see also Lemma 2.5 of [19] and Lemma 3.5 of [15] ). Let G be an almost finite groupoid. Let U and V be clopen subsets of
Proof. As mentioned in Definition 3.2, Lemma 6.1 of [25] is valid for any groupoid admitting a fundamental domain. This fact and Lemma 3.9 allow us to prove the claim in the same way as Lemma 6.7 of [25] . See [25] for the details.
4. Stable rank of C * -algebras of almost finite groupoids
In this section, we prove the Main Theorem. Since the Main Theorem is obviously valid for groupoids of finite cardinality, throughout this section, we suppose that groupoids are of infinite cardinality.
We first prove the following key lemma, which is about zero divisors of the reduced groupoid C * -algebras. Recall that an element a of a ring R is called a right (resp. left) zero divisor if there is a nonzero element x ∈ R satisfying xa = 0 (resp. ax = 0). An element of R is called a two-sided zero divisor if it is both a right and a left zero divisor.
Lemma 4.1. Let G be a minimal almost finite groupoid. Let a ∈ C * r (G) be a right zero divisor. Then for any ǫ > 0, there are a nonempty clopen subset U ⊂ G (0) and a unitary element u ∈ C * r (G) satisfying χ U ua < ǫ. The analogous statement also holds true for left zero divisors.
Proof. Obviously it suffices to show the claim for right zero divisors. Let a right zero divisor a ∈ C * r (G) and ǫ > 0 be given. We may assume a = 1 and ǫ < 1. Choose an element x ∈ C * r (G) of norm one with xa = 0. By replacing x by x * x, we may assume x is positive. Since the canonical conditional expectation E is faithful, we have E(x) = 0.
Let η be a positive number less than ρ := 1 2 E(x) (determined explicitly later). Choose a positive element x 0 ∈ C c (G) satisfying x − x 0 < η and x 0 = 1. Note that E(x 0 ) > ρ. Choose compact open G-sets V 1 , . . . , V n whose union covers supp(x 0 ). Take s ∈ G (0) satisfying E(x 0 )(s) > ρ. Then, by Lemma 3.14, one can choose a clopen neighborhood U ⊂ G (0) of s satisfying
Note that W is a clopen subset of G (0) . From the definition of W , we have χ W x 0 χ U x 0 = x 0 χ U x 0 . This implies the inequality x 0 χ U x 0 ≤ χ W . Also, it follows from a direct computation that E(x 0 χ U x 0 )(s) > ρ 2 . Define
We then have E(y) > ρ 2 and ya < ρ −2 η. Therefore, by choosing η = ρ 4 ǫ, we obtain a positive element y ∈ C c (G) of norm one with the following conditions.
There is a proper clopen subset W ⊂ G (0) satisfying y ≤ χ W .
Note that E(y 2 ) ≥ E(y) 2 hence E(y 2 ) > ρ 4 . Next we will find a nonnegative function f ∈ C(G (0) ) satisfying the following conditions.
(iv) The set U := int({s ∈ G (0) : (f y 2 f )(s) = 1}) is nonempty.
To construct such a function, we observe first that since G is essentially principal, one can choose s ∈ G (0) satisfying y 2 (s) > ρ 4 and
Since supp(y 2 ) is compact, one can find an open neighborhood V ⊂ G (0) of s satisfying
This relation implies
Take a nonnegative function g ∈ C 0 (V ) satisfying
We then have gy 2 g ∈ C(G (0) ) and (gy 2 g)(s) > 1.
Note that D is a closed subset of G (0) containing s in its interior. Define 
is open, thanks to Lemma 2.4, one can find a clopen neighborhood
Choose nonnegative functions ρ 1 , . . . , ρ m ∈ C(G (0) ) such that ρ i ρ j = 0 for i = j, that ρ i ≡ 1 on U i for each i, and that supp(ρ i ) ⊂ cl(U ) for each i. Set
We then have
Moreover, this computation shows vf y 2 f v * ∈ C(G (0) ). Hence there is a function k ∈ C(G (0) ) of norm at most one satisfying kvf y 2 f v * k * = χ Z . Take such a function k and put w := kv. We claim that w is of norm one. Indeed, since ρ i = ρ i f y 2 f for all i, we have v = vf y 2 f . This shows w = wf y 2 f . Hence we have ww * = wf y 2 f w * = χ Z .
In particular this yields w = 1. Set t := yf w * . Then t is a partial isometry element of C * r (G) satisfying t * t = χ Z and tt * ≤ χ W . Since Z and W are disjoint, the projections t * t and tt * are orthogonal. Hence the element u :
is a unitary element of C * r (G). Moreover, by definition, we have u * χ Z u = tt * = yf w * wf y.
This shows
χ Z ua = yf w * wf ya ≤ yf w * w f ya < ǫ.
Hence Z and u satisfy the required condition.
The next lemma can be seen as a very special case of Green's imprimitivity theorem [20] . Since we need an explicit isomorphism, we include a proof. Lemma 4.2. Let K be a compact groupoid with a fundamental domain. Let
j be a partition of K (0) as in Definition 3.2. Then there is a * -isomorphism
Proof. For each i ∈ {1, . . . , n} and j, k ∈ {1, . . . ,
This shows that the set
Here the first inclusion is the canonical unital one. Define a linear map
for i, j, k, and f ∈ C(F (i) j ). Then direct computations show that Φ is a * -isomorphism.
Before going to the proof, we introduce a notation. Suppose G is an essentially principal groupoid and let ϕ ∈ [[G]] be given. Take a compact open G-set V satisfying ϕ = τ V (= r • (s| V ) −1 ). Since G is essentially principal, the choice of V is unique. We then define u ϕ := χ V ∈ C c (G). A direct computation shows that u ϕ is a unitary element of C * r (G). Proof of the Main Theorem. By Lemma 3.9, the reduced groupoid C * -algebra C * r (G) admits a faithful tracial state. Hence, thanks to Proposition 3.2 of [34] , it suffices to show that any two-sided zero divisor of C * r (G) is contained in GL(C * r (G)), where we denote by GL(A) the norm closure of the group of invertible elements of a C * -algebra A.
Let a be a two-sided zero divisor of C * r (G). We may assume a is of norm one. Let ǫ > 0 be given. Then by Lemma 4.1, there are unitary elements u, v of C * r (G) and nonempty clopen subsets U, V ⊂ G (0) satisfying χ U uav < ǫ and uavχ V < ǫ. By Lemmas 3.14 and 3.15, one can find a nonempty clopen subset U 0 of U and ϕ ∈ [[G]] satisfying ϕ(U 0 ) ⊂ V . Therefore, by replacing U by U 0 and replacing v by vu * ϕ , we may assume
Since χ U is a projection, we have χ U b = bχ U = 0.
By Lemma 3.14, one can find a nonempty clopen subset
Note that ρ is a positive number since M (G) is nonempty (by Lemma 3.14) and weak- * compact.
Take a compact open neighborhood B of supp(b). We claim that there is an elementary subgroupoid K of G satisfying the inequalities
for all µ ∈ M (K). To lead to a contradiction, assume that such a K does not exist. Set
We equip Λ with the partial order defined by (C, η) (C ′ , η ′ ) if they satisfy the relations C ⊂ C ′ and η ≥ η ′ . This makes Λ a directed set. For each λ = (C, η) ∈ Λ, take a (C, η)-invariant elementary subgroupoid K λ of G. Since B is realized as the union of finitely many compact G-sets, by Lemma 3.8, for sufficiently large λ ∈ Λ, we have
. Therefore, without loss of generality, we may assume that each K λ satisfies the above inequality. By assumption, for each λ ∈ Λ, we must have a K λ -invariant probability measure µ λ satisfying either
By Lemma 3.9, any weak- * cluster point of the net (µ λ ) λ∈Λ is G-invariant. Since both U 1 and U are clopen, the above condition yields that either µ(U 1 ) ≤ 1 2 ρ or µ(U 1 ) ≥ 1 2 µ(U ) holds for any weak- * cluster point µ of (µ λ ) λ∈Λ . In either case, this is a contradiction.
Take an elementary subgroupoid K of G satisfying the inequalities
for all µ ∈ M (K). Note that the inequalities trivially implies
Since s(B \ K) is a clopen subset of G (0) , by Lemma 3.15, one can find a clopen subset V 1 of G (0) \ U 1 which is equivalent to U 1 in K and satisfies
Then observe that for any µ ∈ M (K),
This implies that the clopen set
.
Then a direct computation shows that E is a compact open G-set with r(E)
) and e := 1 − p − q. Note that we = ew = e. By the relation
we have ebe ∈ C * r (K W ). We also have pwb = wqb = 0 and wbq = 0. Therefore the matrix form of the element wb with respect to the decomposition 1 = p + e + q is of the form
We claim that d ∈ GL(C * r (G W )). This yields that wb, hence b, is contained in GL(C * r (G)).
To prove the claim, take a fundamental domain
. . , n}. By Lemmas 3.12 and 3.14, for each i, one can find a partition
Define L to be the (open) subgroupoid of G W generated by K W and i,j W i,j . Since Z is a fundamental domain of K W , it is not hard to show that the L is compact and that the union i,j Z
is a fundamental domain of L. Take a * -isomorphism
as in the proof of Lemma 4.2. The equalities χ Z d = dχ Z = 0 show that Φ(d) is unitary equivalent to an element of the form
. This proves that c i,j is unitary equivalent to an element of the form
Remark 4.3. The Main Theorem and Theorem 2.3 show that the reduced groupoid C * -algebra of an minimal almost finite groupoid has cancellation of projections. From this, after minor modifications, one can adapt the arguments in Sections 3 and 4 of [28] to minimal almost finite totally disconnected groupoids. Consequently, for such a groupoid G, the reduced groupoid C * -algebra C * r (G) has real rank zero and strict comparison.
Applications of Main Theorem to topological dynamical systems
In this section, we give applications of the Main Theorem. We first show the following permanence property which is useful in applications of the Main Theorem.
Lemma 5.1. Let G be a groupoid which admits a quotient homomorphism π from G onto an almost finite groupoid H with the following properties: π is proper, and the restriction map π| Gs : Gs → Hπ(s) is bijective for each s ∈ G (0) . Then G is almost finite.
Typical examples of groupoids satisfying the assumptions in Lemma 5.1 come from factor maps of topological dynamical systems. Consider compact spaces X and Y equipped with a Γ-action. Then any Γ-equivariant quotient map π : X → Y extends to a quotient homomorphism π : X ⋊ α Γ → Y ⋊ β Γ by the formula π(s, x) := (s, π(x)). This homomorphism obviously satisfies the two conditions in Lemma 5.1.
Proof of Lemma 5.1. By the assumptions on π, for any elementary subgroupoid K of H, the preimage π −1 (K) is an elementary subgroupoid of G. Furthermore, for any compact subset C ⊂ H and ǫ > 0, K is (C, ǫ)-invariant if and only if π −1 (K) is (π −1 (C), ǫ)-invariant.
We now deal with topological dynamical systems of amenable groups. We first recall some terminologies related to partitions of underlying spaces of group actions (cf. [6] , beginning of Section 4). Let α be an action of Γ on X. A tower of α is a pair (S, B) of a nonempty finite subset S ⊂ Γ and a nonempty subset B ⊂ X such that the sets sB; s ∈ S, are pairwise disjoint. The set S is called the shape of the tower (S, B) . A tower decomposition of α is a sequence (S 1 , B 1 ) , . . . , (S n , B n ) of towers satisfying X = n i=1 S i B i . The sets S 1 , . . . , S n are called the shapes of the tower decomposition ((S i , B i ) ) n i=1 . Let F be a finite subset of Γ and let ǫ > 0. A finite subset S of Γ is said to be (
Lemma 5.2. Let α be an action of Γ on X. Let F ⊂ Γ be a finite subset and let ǫ > 0. Then the following conditions are equivalent.
The action α admits an (F, ǫ)-invariant dynamical tiling in the sense of Definition 6.1 in [9] . Consequently, the following conditions are equivalent.
(i) The transformation groupoid X ⋊ α Γ is almost finite.
(ii) The action α admits clopen tower decompositions with arbitrary invariance.
(iii) The action α has the tiling property in the sense of Definition 6.1 in [9] .
Proof. We first show the equivalence of (1) and (2) . Put G := X ⋊ α Γ. To prove the claim, we first give a correspondence between elementary subgroupoids of G and clopen tower decompositions of α. Let K be an elementary subgroupoid of G. Take a partition
of K as in Definition 3.2. By discarding empty sets, we may assume that each V (i) j,k is nonempty. Also, by refining the partition if necessary, we may assume that each V
1,1 for each i. Let π : G → Γ denote the projection onto the first coordinate. Define
Then it is clear from the definition that the sequence ((S i , B i )) n i=1 is a clopen tower decomposition of α.
Conversely, if we have a clopen tower decomposition ((S i , B i )) n i=1 of α, then the formula
defines an elementary subgroupoid of G. We observe that, up to refinements of clopen tower decompositions, these correspondences are each other's inverse. Now one can show that a clopen tower decomposition is (F, ǫ)-invariant if and only if the corresponding elementary subgroupoid is (F, ǫ)-invariant. In particular the conditions (1) and (2) are equivalent.
We next show the equivalence of (2) and (3). To prove this, we give a correspondence between clopen tower decompositions of α and dynamical tilings of α.
First let (S 1 , B 1 ) , . . . , (S n , B n ) be a clopen tower decomposition of α. By replacing (S i , B i ) by (S i s −1 i , s i B i ) for some s i ∈ S i if necessary, we may assume that each S i contains the unit e. By replacing the terms (S i , B i ), (S j , B j ) with S i = S j by (S i , B i ∪ B j ) if necessary, we may also assume that S 1 , . . . , S n are pairwise distinct. Set S := {S 1 , . . . , S n }, ∆ := S ∪ {0}. We define T : X → ∆ Γ as follows. For x ∈ X and s ∈ Γ, set
(Note that ∆ Γ is equipped with the right shift Γ-action.) Since each B i is clopen, T is continuous. As (S 1 , B 1 ), . . . , (S n , B n ) form a tower decomposition of α, each T x associates a tiling of Γ (see Definition 2.13 of [9] for the definition). The Γ-equivariance of T is clear from the definition. We thus obtain a dynamical tiling T from a clopen tower decomposition.
Conversely, suppose we have a dynamical tiling T of α with shapes in S := {S 1 , . . . , S n }. For each i, set
Then, by the continuity of T , each B i is clopen. Moreover, as each T x is a tiling of Γ with shapes in S, the sequence (S 1 , B 1 ), . . . , (S n , B n ) forms a tower decomposition of α. Obviously these correspondences preserve (F, ǫ)-invariance. We therefore conclude the equivalence of (2) and (3). Now one can prove Corollary 1.1.
Proof of Corollary 1.1. We show that for any free (not necessary minimal) action α of a local subexponential group Γ on a totally disconnected space X, the transformation groupoid X ⋊ α Γ is almost finite. Once this claim is proved, the statement of Corollary 1.1 follows from the Main Theorem and Lemma 5.1.
To show the claim, we first take an increasing net (Γ i ) i∈I of countable subgroups of Γ whose union is Γ. Obviously, when each X ⋊ α Γ i is almost finite, then so X ⋊ α Γ is. Hence it suffices to show the claim when Γ is countable.
In this case, by Lemma 3.1 of [38] (cf. [35] ), one can find a factor β of α which is free and whose underlying space is metrizable. Now the almost finiteness of X ⋊ α Γ follows from Lemmas 5.1, 5.2, and Corollary 6.4 in [9] .
Kerr recently announced the following theorem (now available in [6] ). Here we recall that a property of an action is said to be generic if the property is valid on a G δ -dense set of an appropriate Polish space of actions. See [6] for the precise statement. For backgrounds and history of this subject, see the introduction of the paper [23] . Other connections between this subject and C * -algebra theory can be found in [6] , [37] , [38] , [39] . Although the question on genericity no longer makes sense, by adapting Theorem 4.3 of [8] to standard arguments of extensions, one can prove the following statement.
Theorem 5.4. Let Γ be an amenable group. Then there is a totally disconnected compact space X with the following properties.
(1) X has a clopen basis of cardinality at most ♯Γ.
(2) There is a minimal free action of Γ on X which admits clopen tower decompositions with arbitrary invariance.
Proof. Since the statement is trivial for finite groups, we assume that Γ is infinite. Let F denote the set of finite subsets of Γ. For each F ∈ F, denote Γ F the subgroup of Γ generated by F . For each F ∈ F, we have a Γ F -equivariant unital embedding
obtained from the right coset decomposition of Γ with respect to Γ F . (We do not require the compatibility of maps (ι F ) F ∈F with respect to the inclusion.) For any F ∈ F and N ∈ N, thanks to Theorem 4.3 of [8] , we have subsets C 1 , . . . , C n of Γ F and (F,
Let A be the C * -subalgebra of ℓ ∞ (Γ) generated by S := F,N Γ · S F,N . A standard calculation of cardinals shows that ♯S ≤ ♯Γ. Let Y denote the Gelfand dual of A. Then the induced action α of Γ on Y forms the almost finite transformation groupoid. One can find an extension β of Y satisfying the following conditions (cf. [35] or the proof of Lemma 3.1 in [38] .) (i) The β is free.
(ii) The underlying space Z of β is totally disconnected and has a clopen basis of cardinality at most ♯Γ. Let W be a minimal closed Γ-invariant nonempty subset of Z. Let γ be the action obtained by restricting β to W . By Lemmas 3.13 and 5.1, the action γ posses the desired properties. In this appendix, we adapt arguments in the proof of Lemma 4.1 to the study of pure infiniteness of the reduced groupoid C * -algebras. As an application, we solve the question of pure infiniteness of the reduced crossed product for minimal extensions.
Recall that a simple unital C * -algebra A is said to be purely infinite [7] if any nonzero positive element a ∈ A admits an element x ∈ A satisfying xax * = 1. The following theorem is the main result of this appendix.
Theorem A.1. Let G be a minimal groupoid which admits a quotient homomorphism π from G onto an essentially principal groupoid H satisfying the following conditions.
(1) π is proper.
(2) For each s ∈ G (0) , the restriction map π| Gs : Gs → Hπ(s) is bijective. (3) The reduced groupoid C * -algebra C * r (H) is purely infinite. Then the reduced groupoid C * -algebra C * r (G) is purely infinite.
Proof. By the first and second assumptions, the pull-back map π * : C c (H) → C c (G) of π defines a * -homomorphism. As π * is compatible with the canonical conditional expectations, it extends to an embedding C * r (H) → C * r (G). Throughout the proof, we identify C * r (H) with a C * -subalgebra of C * r (G) via this embedding. Let a ∈ C * r (G) be a positive element satisfying E(a) = 1. Choose a positive element a 0 ∈ C c (G) satisfying a − a 0 < 1 and E(a 0 ) > 1. Since G is essentially principal (by assumptions (1) and (2)), as in the proof of Lemma 4.1, one can find a nonnegative function f ∈ C(G (0) ) satisfying f ≤ 1, g := f a 0 f ∈ C(G (0) ), g = 1, and
Fix a nonempty open subset U 0 of U satisfying cl(U 0 ) ⊂ U . Take compact H-sets V 1 , . . . ,V n ,W 1 , . . . ,W n satisfying the following conditions:
Note that by assumptions (1) and (2), each W i is a compact G-set. Since H is essentially principal, one can find an element s ∈ H (0) satisfying
for all i, j. Put S := π −1 ({s}). Then the equalities r(W i ) = π −1 (r(W i )); i ∈ {1, . . . , n}, yield the relation S ⊂ i∈I τ W i (U 0 ), where
Take a maximal subset J of I satisfying the following property: the elements τ −1 W j (s); j ∈ J are pairwise distinct. By the choice of s and the third assumption, for any i, j ∈ {1, . . . , n},
where V i := π −1 (V i ) for each i. From the above relations, for any i, j ∈ I, the equality τ
This yields the relation S ⊂ j∈J τ W j (U 0 ). Since the compact sets τ −1 W j (S); j ∈ J, are pairwise disjoint, one can find nonnegative functions ρ j ∈ C(G (0) ); j ∈ J satisfying ρ j ρ k = 0 for j = k, ρ j ≡ 1 on a neighborhood of τ −1 W j (S) ∩ U 0 for each j ∈ J, and supp(ρ j ) ⊂ cl(U ) for all j ∈ J. For each j ∈ J, take a function ϕ j ∈ C c (G) satisfying ϕ j ≡ 1 on a neighborhood of W j and supp(ϕ j ) ⊂ V j . Set
Then, since ρ j = ρ j g for all j ∈ J, we have vg = v. This implies
This equality shows that vgv * ∈ C(G (0) ) and that the inequality (vgv * )(t) ≥ 1 holds on a neighborhood W of S. Then, by the compactness of G (0) , one can choose a neighborhood Z of s satisfying Z := π −1 (Z) ⊂ W . Take a function h ∈ C(G (0) ) of norm at most one satisfying (hvgv * h * )(t) = 1 for all t ∈ Z. Take functions k 1 , k 2 ∈ C(H (0) ) of norm one satisfying k 1 k 2 = k 2 and supp(k 1 ) ⊂Z. We then have
Put w := k 1 hv. Then the above equality yields ww * = wgw * = |k 1 | 2 . Since C * r (H) is purely infinite, one can find an element y ∈ C * r (H) satisfying y|k 2 | 2 y * = 1. Set x := yk 2 wf . Then, the equalities k 1 k 2 = k 2 and f = 1 yield
This shows x ≤ 1. Moreover, by the equality k 1 k 2 = k 2 , we have
This yields xax * − 1 < 1, from which we conclude the invertibility of xax * .
As a special case of Theorem A.1, we obtain the following corollary (cf. a comment below Lemma 5.1).
Corollary A.2. Let Γ be a group and α be a minimal and essentially free action of Γ on a compact space whose reduced crossed product is purely infinite. Then the reduced crossed product associated to any minimal extension of α is purely infinite.
Corollary A.2 has the following three immediate applications. As the first application, we give the following stronger version of Theorem 3.11 in [35] . This is a new phenomenon in the study of amenable actions ( [1] ).
Corollary A.3. Let Γ be a countable non-amenable group. Then Γ admits a free minimal action α on the Cantor set such that the reduced crossed products of all minimal extensions of α are purely infinite. Moreover if Γ is exact, the action α can be amenable.
Since a statement similar to Theorem 2.3 holds true for purely infinite C * -algebras (see Theorems 1.4 and 1.9 of [7] ), Corollary A.3 can also be seen as an analogue of Corollary 1.2 for non-amenable groups.
The second application is the removal of a technical restriction of Theorem 3.12 in [37] . Let us temporary introduce a class of compact spaces. We first set C ′ to be the class of compact metrizable spaces which admits a minimal action of a (not necessary locally compact) path-connected group. This class contains all closed topological manifolds and compact connected Hilbert manifolds (see [19] , [37] ). Moreover it is stable under taking the countable direct product. We then define the class C to be the class of spaces obtained as the direct product of the Cantor set and a space contained in C ′ .
Corollary A.4. For any countable non-amenable exact group Γ and any space X contained in the class C, there is an amenable minimal free action of Γ on X whose reduced crossed product is a Kirchberg algebra.
Proof. The statement immediately follows from Theorem 2.1 of [37] and Corollary A.3.
The third application is on the universal minimal action.
Corollary A.5. For any non-amenable group, the reduced crossed product of the universal minimal action is purely infinite.
Proof. By replacing sequences by appropriate nets in the arguments in [35] , one can prove the following claim. Any non-amenable group admits a minimal free action on a totally disconnected compact space whose reduced crossed product is purely infinite. The statement then follows from Corollary A.2. Proof of Theorem B.1. We first prove the claim in the case that X is the Cantor set. Fix an element t ∈ Γ of infinite order. We first show that for any countable subset S of T, there is an action α S of Γ on X which satisfies the prescribed properties and the relation S ⊂ E(X ⋊ α S Γ).
To show the claim, consider the product homeomorphism R S := s∈S R s on T S . Let Z be a minimal R S -invariant closed subset of T S . Let T S denote the restriction of R S on Z. Obviously T S defines a minimal homeomorphism on Z. It is clear that E(T S ) contains S. Applying Lemma 3.1 of [38] to the action of Υ := {t n : n ∈ Z} on Z given by t → T S , we obtain a minimal action α S of Γ on X satisfying S ⊂ E(α S,t ). This yields the relation S ⊂ E(X ⋊ α S Γ).
From now on we divide the proof into two cases. We first consider the case that Γ is amenable. Take a minimal free action β of Γ on the Cantor set X whose transformation groupoid is almost finite [6] (see also Theorem 5.4). Take a minimal subsystem γ S of the diagonal action of α S and β. Then notice that the underlying space of γ S is homeomorphic to the Cantor set as it is totally disconnected, perfect, metrizable, and compact. Clearly γ S factors onto both α S and β. Therefore, by Lemma 5.1, the transformation groupoid of γ S is almost finite. Also, by Proposition B.6, its eigenvalue set contains S. Now standard calculations of cardinals show that the family (γ S ) S contains the desired family.
We next assume that the group Γ is non-amenable. It is not hard to conclude from the proof of Theorem 6.11 of [35] that any minimal action of Γ on a metrizable compact space admits an amenable minimal extension on the Cantor set whose transformation groupoid is purely infinite. The rest of the proof is similar to the amenable case.
The general case follows from the Cantor set case, Proposition 2.1 of [37] , Lemma 5.1, Corollary A.2, and Proposition B.6.
Remark B.7. We do not know if one can further require families in Theorem B.1 to give rise to pairwise non-isomorphic reduced crossed products. This is the case for virtually free groups as shown in [36] and [37] . 
